Introduction {#Sec1}
============

Isogeometric analysis {#Sec2}
---------------------

The central idea of isogeometric analysis (IGA) is to use the same ansatz functions for the discretization of the partial differential equation at hand, as are used for the representation of the problem geometry. Usually, the problem geometry $\documentclass[12pt]{minimal}
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                \begin{document}$${\varOmega }$$\end{document}$ is represented in CAD by means of non-uniform rational B-splines (NURBS), T-splines, or hierarchical splines. This concept, originally invented in \[[@CR32]\] for finite element methods (IGAFEM) has proved very fruitful in applications; see also the monograph \[[@CR9]\].

Since CAD directly provides a parametrization of the boundary $\documentclass[12pt]{minimal}
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                \begin{document}$$\partial {\varOmega }$$\end{document}$, this makes the boundary element method (BEM) the most attractive numerical scheme, if applicable (i.e., provided that the fundamental solution of the differential operator is explicitly known). However, compared to the IGAFEM literature, only little is found for isogeometric BEM (IGABEM). The latter has first been considered for 2D BEM in \[[@CR36]\] and for 3D BEM in \[[@CR40]\]. Unlike standard BEM with piecewise polynomials which is well-studied in the literature, cf. the monographs \[[@CR39], [@CR41]\] and the references therein, the numerical analysis of IGABEM is widely open. We refer to \[[@CR35], [@CR37], [@CR38], [@CR42]\] for numerical experiments, to \[[@CR44]\] for fast IGABEM with $\documentclass[12pt]{minimal}
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                \begin{document}$${\mathcal {H}}$$\end{document}$-matrices, and to \[[@CR31]\] for some quadrature analysis. To the best of our knowledge, a posteriori error estimation for IGABEM, however, has only been considered for simple 2D model problems in the recent own works \[[@CR24], [@CR25]\]. The present work extends the techniques from standard BEM to non-polynomial ansatz functions. The remarkable flexibility of the IGA ansatz functions to manipulate their smoothness properties motivates the development of a new adaptive algorithm which does not only automatically adapt the mesh-width, but also the continuity of the IGA ansatz function to exploit the additional freedoms and the full potential of IGA. This is the first algorithm which simultaneously steers the resolution and the smoothness of the ansatz functions, and, it may thus be a first step to a full *hpk*-adaptive algorithm.

For standard BEM with discontinuous piecewise polynomials, a posteriori error estimation and adaptive mesh-refinement are well understood. We refer to \[[@CR1], [@CR11], [@CR12]\] for weighted-residual error estimators and to \[[@CR19], [@CR22]\] for recent overviews on available a posteriori error estimation strategies. Moreover, optimal convergence of mesh-refining adaptive algorithms has recently been proved for polyhedral boundaries \[[@CR20], [@CR21], [@CR26]\] as well as smooth boundaries \[[@CR27]\]. The work \[[@CR2]\] allows to transfer these results to piecewise smooth boundaries; see also the discussion in the review article \[[@CR8]\].

While this work focusses on adaptive IGABEM, adaptive IGAFEM is considered, e.g., in \[[@CR16], [@CR43]\]. A rigorous error and convergence analysis in the frame of adaptive IGAFEM is first found in \[[@CR5]\] which proves linear convergence for some adaptive IGAFEM with hierarchical splines for the Poisson equation, and optimal rates are announced for some future work.

Model problem {#Sec3}
-------------

We develop and analyze an adaptive algorithm for the following model problem: Let $\documentclass[12pt]{minimal}
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                \begin{document}$${\varOmega }\subset \mathbb {R}^2$$\end{document}$ be a Lipschitz domain with $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathrm{diam}({\varOmega })<1$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\varGamma }\subseteq \partial {\varOmega }$$\end{document}$ be a compact, piecewise smooth part of its boundary with finitely many connected components. We consider the weakly-singular boundary integral equation$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} V\phi (x):=-\frac{1}{2\pi }\int _{\varGamma }\log |x-y|\,\phi (y)\,dy = f(x) \quad \text {for all }x\in {\varGamma }_{}, \end{aligned}$$\end{document}$$where the right-hand side *f* is given and the density $\documentclass[12pt]{minimal}
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                \begin{document}$$\phi $$\end{document}$ is sought. We note that ([1.1](#Equ1){ref-type=""}) for $\documentclass[12pt]{minimal}
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                \begin{document}$${\varGamma }=\partial {\varOmega }$$\end{document}$ is equivalent to the Laplace--Dirichlet problem$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} -{\varDelta } u=0\text { in }{\varOmega }\quad \text {with } u=f\text { on }{\varGamma },\quad \text {where }u:=V\phi . \end{aligned}$$\end{document}$$To approximate $\documentclass[12pt]{minimal}
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                \begin{document}$$\phi $$\end{document}$, we employ a Galerkin boundary element method (BEM) with ansatz spaces consisting of *p*-th order NURBS. The convergence order for uniform partitions of $\documentclass[12pt]{minimal}
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                \begin{document}$${\varGamma }$$\end{document}$ is usually suboptimal, since the unknown density $\documentclass[12pt]{minimal}
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                \begin{document}$$\phi $$\end{document}$ may exhibit singularities, which are stronger than the singularities in the geometry. In \[[@CR24]\], we analyzed a weighted-residual error estimator and proposed an adaptive algorithm which uses this a posteriori error information to steer the *h*-refinement of the underlying partition as well as the local smoothness of the NURBS across the nodes of the adaptively refined partitions. It reflects the fact that it is a priori unknown, where the singular and smooth parts of the density $\documentclass[12pt]{minimal}
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                \begin{document}$$\phi $$\end{document}$ are located and where approximation by nonsmooth resp. smooth functions is required. In \[[@CR24]\], we observed experimentally that the proposed algorithm detects singularities and possible jumps of $\documentclass[12pt]{minimal}
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                \begin{document}$$\phi $$\end{document}$ and leads to optimal convergence behavior. In particular, we observed that the proposed adaptive strategy is also superior to adaptive BEM with discontinuous piecewise polynomials in the sense that our adaptive NURBS discretization requires less degrees of freedom to reach a prescribed accuracy.

Contributions {#Sec4}
-------------

We prove that the adaptive algorithm from \[[@CR24]\] is rate optimal in the sense of \[[@CR8]\]: Let $\documentclass[12pt]{minimal}
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                \begin{document}$$\mu _\ell $$\end{document}$ be the weighted-residual error estimator in the $\documentclass[12pt]{minimal}
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                \begin{document}$$\ell $$\end{document}$-th step of the adaptive algorithm. First, the adaptive algorithm leads to linear convergence of the error estimator, i.e., $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mu _{\ell +n} \le Cq^n\mu _\ell $$\end{document}$ for all $\documentclass[12pt]{minimal}
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                \begin{document}$$\ell ,n\in \mathbb {N}_0$$\end{document}$ and some independent constants $\documentclass[12pt]{minimal}
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                \begin{document}$$0<q<1$$\end{document}$. Moreover, for sufficiently small marking parameters, i.e. aggressive adaptive refinement, the estimator decays even with the optimal algebraic convergence rate. Here, the important innovation is that the adaptive algorithm does not only steer the local refinement of the underlying partition (as is the case in the available literature, e.g., \[[@CR8], [@CR20], [@CR21], [@CR26], [@CR27]\]), but also the multiplicity of the knots. In particular, the present work is the first available optimality result for adaptive algorithms in the frame of isogeometric analysis. Additionally, we can prove at least plain convergence if the adaptive algorithm is driven by the Faermann estimator $\documentclass[12pt]{minimal}
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                \begin{document}$$\eta _\ell $$\end{document}$ analyzed in \[[@CR25]\] instead of the weighted-residual estimator $\documentclass[12pt]{minimal}
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                \begin{document}$$\mu _\ell $$\end{document}$, which generalizes a corresponding result for standard adaptive BEM \[[@CR23]\].

Technical contributions of general interest include a novel mesh-size function $\documentclass[12pt]{minimal}
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                \begin{document}$$h\in L^\infty ({\varGamma })$$\end{document}$ which is locally equivalent to the element length (i.e., $\documentclass[12pt]{minimal}
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                \begin{document}$$h|_T \simeq \mathrm{length}(T)$$\end{document}$ for all elements *T*), but also accounts for the knot multiplicity. Moreover, for $\documentclass[12pt]{minimal}
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                \begin{document}$$0<\sigma <1$$\end{document}$, we prove a local inverse estimate $\documentclass[12pt]{minimal}
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                \begin{document}$$\Vert h^{\sigma }{\varPsi }\Vert _{L^2({\varGamma })} \le C\,\Vert {\varPsi }\Vert _{\widetilde{H}^{-\sigma }({\varGamma })}$$\end{document}$ for NURBS on locally refined meshes. Similar estimates for piecewise polynomials are shown in \[[@CR15], [@CR29], [@CR30]\], while \[[@CR3]\] considers NURBS but integer-order Sobolev norms only.

Throughout, all results apply for piecewise smooth parametrizations $\documentclass[12pt]{minimal}
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                \begin{document}$${\varGamma }$$\end{document}$ and discrete NURBS spaces. In particular, the analysis thus covers the NURBS ansatz used for IGABEM, where the same ansatz functions are used for the discretization of the integral equation and for the resolution of the problem geometry, as well as spline spaces and even piecewise polynomials on the piecewise smooth boundary $\documentclass[12pt]{minimal}
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                \begin{document}$${\varGamma }$$\end{document}$ which can be understood as special NURBS.

Outline {#Sec5}
-------

The remainder of this work is organized as follows: Sect. [2](#Sec6){ref-type="sec"} fixes the notation and provides the necessary preliminaries. This includes, e.g., the involved Sobolev spaces (Sect. [2.2](#Sec8){ref-type="sec"}), the functional analytic setting of the weakly-singular integral equation (Sect. [2.3](#Sec9){ref-type="sec"}), the assumptions on the parametrization of the boundary $\documentclass[12pt]{minimal}
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                \begin{document}$${\varGamma }$$\end{document}$ (Sect. [2.4](#Sec10){ref-type="sec"}), the discretization of the boundary (Sect. [2.5](#Sec11){ref-type="sec"}), the mesh-refinement strategy (Sect. [2.6](#Sec12){ref-type="sec"}), B-splines and NURBS (Sect. [2.7](#Sec13){ref-type="sec"}), and the IGABEM ansatz spaces (Sect. [2.8](#Sec14){ref-type="sec"}). Section [3](#Sec15){ref-type="sec"} states our adaptive algorithm (Algorithm [3.1](#FPar6){ref-type="sec"}) from \[[@CR24]\] and formulates the main theorems on linear convergence with optimal rates for the weighted-residual estimator $\documentclass[12pt]{minimal}
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                \begin{document}$$\mu _\ell $$\end{document}$ (Theorem [3.2](#FPar7){ref-type="sec"}) and on plain convergence for the Faermann estimator $\documentclass[12pt]{minimal}
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                \begin{document}$$\eta _\ell $$\end{document}$ (Theorem [3.4](#FPar9){ref-type="sec"}). The linear convergence for the $\documentclass[12pt]{minimal}
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                \begin{document}$$\mu _\ell $$\end{document}$-driven algorithm is proved in Sect. [4](#Sec16){ref-type="sec"}. The proof requires an inverse estimate for NURBS in a fractional-order Sobolev norm (Proposition [4.1](#FPar11){ref-type="sec"}) as well as a novel mesh-size function for B-spline and NURBS discretizations (Proposition [4.2](#FPar13){ref-type="sec"}) which might be of independent interest. The proof of optimal convergence behaviour is given in Sect. [5](#Sec17){ref-type="sec"}. In Sect. [6](#Sec18){ref-type="sec"}, we show convergence for the $\documentclass[12pt]{minimal}
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                \begin{document}$$\eta _\ell $$\end{document}$-driven algorithm.

For the empirical verification of the optimal convergence behavior of Algorithm [3.1](#FPar6){ref-type="sec"} for $\documentclass[12pt]{minimal}
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                \begin{document}$$\eta _\ell $$\end{document}$-driven adaptivity and a comparison of IGABEM and standard BEM with discontinuous piecewise polynomials, we refer to the numerous numerical experiments in our preceding work \[[@CR24]\].

Preliminaries {#Sec6}
=============

General notation {#Sec7}
----------------
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                \begin{document}$$|\cdot |$$\end{document}$ denotes the absolute value of scalars, the Euclidean norm of vectors in $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathbb {R}$$\end{document}$ (e.g., the length of an interval), or the arclength of a curve in $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathbb {R}^{2}$$\end{document}$. The respective meaning will be clear from the context. We write $\documentclass[12pt]{minimal}
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                \begin{document}$$c>0$$\end{document}$ which is clear from the context. Moreover, $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathcal {N}_\star $$\end{document}$ is the set of nodes of the partition $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathcal {T}_\star $$\end{document}$, and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$h_\star $$\end{document}$ is the corresponding local mesh-width etc. The analogous notation is used for partitions $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathcal {T}_\ell $$\end{document}$ etc.

Sobolev spaces {#Sec8}
--------------
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                \begin{document}$$L^2({{\varGamma }_0})$$\end{document}$ denote the Lebesgue space of all square integrable functions which is associated with the norm $\documentclass[12pt]{minimal}
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                \begin{document}$$\Vert u\Vert _{L^2({{\varGamma }_0})}^2:=\int _{{\varGamma }_0} |u(x)|^2\,dx$$\end{document}$. We define for any $\documentclass[12pt]{minimal}
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                \begin{document}$$0<\sigma \le 1$$\end{document}$ the Hilbert space$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} H^{\sigma }({{\varGamma }_0}) := \big \{u\in L^2({{\varGamma }_0})\,:\,\Vert u\Vert _{H^{\sigma }({{\varGamma }_0})}<\infty \big \}, \end{aligned}$$\end{document}$$associated with the Sobolev--Slobodeckij norm$$\documentclass[12pt]{minimal}
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                \begin{document}$$\partial _\gamma $$\end{document}$ denotes the arclength derivative. For finite intervals $\documentclass[12pt]{minimal}
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                \begin{document}$$I\subseteq \mathbb {R}$$\end{document}$, we use analogous definitions. By $\documentclass[12pt]{minimal}
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                \begin{document}$$\widetilde{H}^{-\sigma }({{\varGamma }_0})$$\end{document}$, we denote the dual space of $\documentclass[12pt]{minimal}
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                \begin{document}$$H^{\sigma }({{\varGamma }_0})$$\end{document}$, where duality is understood with respect to the extended $\documentclass[12pt]{minimal}
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Weakly-singular integral equation {#Sec9}
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Boundary parametrization {#Sec10}
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Boundary discretization {#Sec11}
-----------------------

In the following, we describe the different quantities which define the discretization.
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Mesh-refinement {#Sec12}
---------------
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### Proposition 2.2 {#FPar2}
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B-splines and NURBS {#Sec13}
-------------------

Throughout this subsection, we consider *knots* $\documentclass[12pt]{minimal}
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Ansatz spaces {#Sec14}
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Adaptive algorithm and main results {#Sec15}
===================================
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Our main result is that the proposed algorithm is linearly convergent, even with the optimal algebraic rate. For a precise statement of this assertion, let $\documentclass[12pt]{minimal}
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Theorem 3.2 {#FPar7}
-----------

Let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$f\in H^1({\varGamma }),$$\end{document}$ so that the weighted-residual error estimator $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mu _\ell $$\end{document}$ from (3.1) is well-defined and that Algorithm [3.1](#FPar6){ref-type="sec"} is driven by $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mu _\ell .$$\end{document}$ We suppose that the Assumption [2.1](#FPar1){ref-type="sec"} on the mesh-refinement holds true. Then,  for each $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$0<\theta \le 1,$$\end{document}$ there exist constants $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$0<q_\mathrm{lin}<1$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$C_\mathrm{lin}>0$$\end{document}$ such that Algorithm [3.1](#FPar6){ref-type="sec"} is linearly convergent in the sense of$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \mu _{\ell +n}\le C_\mathrm{lin}\,q_\mathrm{lin}^n\,\mu _\ell \quad \text {for all }\ell ,n\in \mathbb {N}_0. \end{aligned}$$\end{document}$$In particular,  this implies convergence$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} C_\mathrm{rel}^{-1}\,\Vert \phi -{\varPhi }_\ell \Vert _{\widetilde{H}^{-1/2}({\varGamma })} \le \mu _\ell \le C_\mathrm{lin}q_\mathrm{lin}^\ell \,\mu _0 \xrightarrow {\ell \rightarrow \infty }0. \end{aligned}$$\end{document}$$Moreover,  there is a constant $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$0<\theta _\mathrm{opt}<1$$\end{document}$ such that for all $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$0<\theta <\theta _\mathrm{opt},$$\end{document}$ there exists a constant $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$C_\mathrm{opt}>0$$\end{document}$ such that,  for all $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$s>0,$$\end{document}$ it holds$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \phi \in \mathbb {A}_s\quad \Longrightarrow \quad \mu _\ell \le \frac{C_\mathrm{opt}^{1+s}}{(1-q_\mathrm{lin}^{1/s})^s} \Vert \phi \Vert _{\mathbb {A}_s}(|\mathcal {K}_\ell |-|\mathcal {K}_0|)^{-s}\quad \text {for all }\ell \in \mathbb {N}_0. \end{aligned}$$\end{document}$$The constants $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$q_\mathrm{lin}, C_\mathrm{lin}$$\end{document}$ depend only on $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$p, w_{\min },w_{\max }, \gamma , \theta ,$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\check{\kappa }_{\max }$$\end{document}$ from (M1). The constant $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\theta _\mathrm{opt}$$\end{document}$ depends only on $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$p, w_{\min },w_{\max }, \gamma ,$$\end{document}$ and (M1)--(M3), and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$C_\mathrm{opt}$$\end{document}$ depends additionally on $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\theta $$\end{document}$.

Remark 3.3 {#FPar8}
----------

The proof of Theorem [3.2](#FPar7){ref-type="sec"} reveals that linear convergence ([3.5](#Equ32){ref-type=""}) only requires (M1), while optimal rates ([3.7](#Equ34){ref-type=""}) rely on ([3.5](#Equ32){ref-type=""}) and (M2)--(M3). Provided that there exists a constant $\documentclass[12pt]{minimal}
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The proof of Theorem [3.2](#FPar7){ref-type="sec"} is given in Sects. [4](#Sec16){ref-type="sec"} and [5](#Sec17){ref-type="sec"}. The ideas essentially follow those of \[[@CR8]\], where an axiomatic approach of adaptivity for abstract problems is found. We note, however, that \[[@CR8]\] only considers *h*-refinement, while the present formulation of Algorithm [3.1](#FPar6){ref-type="sec"} steers both, the *h*-refinement and the knot multiplicity increase.
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Theorem 3.4 {#FPar9}
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Remark 3.5 {#FPar10}
----------

The statements of Theorems [3.2](#FPar7){ref-type="sec"} and [3.4](#FPar9){ref-type="sec"} remain valid, if only adaptive *h*-refinement is used, i.e., if Algorithm [3.1](#FPar6){ref-type="sec"} does not steer the knot multiplicity.

Proof of Theorem [3.2](#FPar7){ref-type="sec"}, linear convergence ([3.5](#Equ32){ref-type=""}) {#Sec16}
===============================================================================================

As an auxiliary result, we need an inverse-type estimate for NURBS with respect to the fractional $\documentclass[12pt]{minimal}
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Proposition 4.1 {#FPar11}
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Proof {#FPar12}
-----
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Proposition 4.2 {#FPar13}
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-----

The proof is done in several steps.
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Proof of Theorem [3.2](#FPar7){ref-type="sec"}, optimal convergence ([3.7](#Equ34){ref-type=""}) {#Sec17}
================================================================================================
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Proof {#FPar20}
-----
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-----
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Since we use a different mesh-refinement strategy, we cannot directly cite the following lemma from \[[@CR8]\]. However, we may essentially follow the proof of \[[@CR8], Proposition 4.12\] verbatim. Details are left to the reader.
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-----
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The optimality in Theorem [3.2](#FPar7){ref-type="sec"} essentially follows from the following lemma. It was inspired by an analogous version from \[[@CR8], Lemma 4.14\].
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Proof of (3.7) {#FPar30}
--------------
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Proof of Theorem [3.4](#FPar9){ref-type="sec"}, plain convergence ([3.10](#Equ38){ref-type=""}) {#Sec18}
===============================================================================================
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Lemma 6.1 {#FPar31}
---------
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